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- The duration of the exam is four hours

-The exam consists of 5 independent exercises

- The exercises can be treated in the order chosen by the candidate

- Exercisel concerns analysis .......ccccceevveericnnens (6.5 pts)
- Exercise2 concerns analysis .......ccccceevveeeicnnens (3.5 pts)
- Exercise3 concerns complex numbers...............(3.5 pts)
- Exercise4 concerns algebra ..............ccccevueeeeeee(3.5 pts)

- Exercise5 concerns arithmetic .............cccceeeeee (3 pts)

The use of the calculator is not allowed

The use of red color on sheet paper is not permitted
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EXERCISEL1 : (6.5 points)
Let n be a natural number greater than or equal to 2

Consider the numerical function £, defined on [0,+oo[ by:
£,(0)=0 and Vxe 10,40 ;5 f,(x)=x-x"Inx
Andlet (C,) be its curve in an orthonormal coordinate system.

1-a) Show that f, is continuous on the right at 0

b) Show that: lim f, (x) =—00 and lim M = —oo, then interpret graphically the obtained

X—>+00 x40y

result.
c) Show that f, is differentiable on the right at the point 0 and that its derivative on the

right at the point 0 is equal to 1
d) Show that f, differentiable on ]0,+co[ and that:

Vx e 0,400 ; 1) (x)=1-x""—mx""Inx

e) Show that f, is strictly increasing on [O;l] and strictly decreasing on [1, +oo[
2-a) Show that for n>2 ,we have: Vxe[0,4] ; f,, (x)<f (x)

b) Deduce the relative position of (C,) and (C,,, )
3-a) Show that for n>2 , there exists a unique real number o, € |1;2[ such that:

fno(a,)=0 (Wetake In2=0,7)

b) Verify that (Vn>2) aj,Ino,,; =1

c¢) Deduce that for n>2 , f,(a,,) =0, -1

d) Show that the sequence (a.,),>, .thus defined, is strictly decreasing.

e) Deduce that the sequence (a.,),>, 1s convergent.

4- Weput: /= lim o,

n—+o

a) Show that: 1</<2

b) Show that for all n>2 , n—1=—0U0)
In(a,,)

¢) Suppose that ¢ >1. Calculate lim In(In(er,))
n—>+0 ln(an)

d) Deduce the value of the limit ¢

in terms of /
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EXERCISE? : ( 3.5 points)

1

1-a) Calculate the integral: J. > dx
o I +x
k=n n
b)Forall n>1 ,weput: u = —— .
) S =+ k

Show that the sequence (u,),., 1s convergent and determine its limit.

n>1
1

2- Show that: j% dx <1
0<1+x2)

3-a) Show that: (‘v’x e [0,1]) ;o 0<e"—1<ex

b) Deduce that: (Vx € [0,1]) : 0<e —1-x< gxz

k=n( _"
4-Forall n=>1,weput: w = Z:(enz”‘2 - lj

k=1

k=n 2
a) Show that forall n>1, we have: 0<w —u, SEZ( > Z zj
245 \n"+k

b) Show that the function: x > (1 +x° )_2 is strictly decreasing on [O,l]
c¢) Deduce that for all #>1 and for all k € {1,2, ...... ,n} , we have:

k
2\ 2 -

l(H(Ej ] < (1+x2)72 dx

n n k-1

5-a) Show that forall n>1,we have: 0<w, —u, < Zi
n

b) Deduce that the sequence (w,) _ is convergent and determine its limit.

n>1

EXERCISES3 : (3.5 points)
Let meC
Part I: Consider in C the equation with variable z

(E) : 22—(2+i)mz+m2(1+i)=0

1- a) Verify that the discriminant of the equation (E) is A = (im)2
b) Solve in C the equation (E)

2- Let z, and z, be the solutions of (E)

Write z,z, in the exponential form in case where m=re® (reR’, , 0cR )
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Part II: The complex plane is attached to the direct orthonormal coordinate system (O,g;,e_z))
We put z, =m and z, =m(1+i)

Let M, be the point with affix z, , M, the point with affix z, and M, (23) the image of

O by the rotation with center M, and angle [—gj and M 4(24) the image of the point

M, by the homothety with center O and ratio k& ( keR" - {1})
0.75 | 1- Calculate z; in terms of m and calculate z, in terms of m and &

T4 4G4

0.75 | 2- Give the algebraic form of % X
Zy—Z Zy—2Z,

0.75 | 3- Deduce that the points M,,M,, M,and M, are cocyclic if and only if k=-2

EXERCISE4 : (3.5 points)
We provide the set C of complex numbers with the internal law * defined by:

V(x,x,y,y)eRY; (x+in)* (X' +1) = (' +y°x) +iyy

Part I:
0.25 | 1- a) Verify that: 1*2i=2
0.25 b) Show that the internal law * is not commutative.

0.5 2- Show that the internal law * 1s associative.
0.25 | 3-a) Verify that: 1*(1+2i)=2
0.25 b) Deduce that (C, *) is not a group.

4- Let E be the sub-set of C defined by £ = {x +yi/xeRet ye R*}
0.25 a) Show that E is stable in(C, *)

0.5 b) Show that (E , *) is a non-commutative group.
Part II:
Consider the sub-sets of £ defined by: F = {yi /ye€ R*} and G= {x +i/x€ R}

0.5 | 1- Show that F is a sub-group of (E, *)

2- Consider the application ¢ defined from R to C by: (VxeR) ; ¢o(x)=x+1i
0.25| a) Show that: ¢(R)=G

0.25 b) Show that ¢ is a homomorphism from (R,+) to (C, *)

0.25 c) Deduce that (G,*) is a commutative group.




Lo gall — 2024 G551 55l - ) ISl gall (gl aia¥)
—cilpaly ) rdaka -
(A3l JUA) () s (1) Ll o ghad) dnds

0.5

0.5
0.75

0.75

0.5

EXERCISES :( 3 points)
1- Using Euclid’s algorithm, determine the integer u € {1,2 ..... 22} such that: 10u =1 [23]

2- Let m be a natural number and ¢ and r, respectively, the quotient and the remainder of
the Euclidean division of m by 10
a) Show that: m=10(q +ur) [23]
b) Show that: 23 divides m < 23 divides (¢ +ur)
x=1 [23]
x=2 [10]
a) Show that if x is a solution of the system (§) then there exists g € N such that

x=10g+2 and 23 divides (¢ +7)
b) Solve in N the system ()

3- we consider in N the system (S§) :{

END




