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- The duration of the exam is 4 hours.
- The exam contains 4 independent exercises.
- The exercises can be treated in the order chosen by the candidate.

- Exercise 1 concerns the algebraic structures ............... (3.5 pts)
- Exercise 2 concerns the complex numbers .................. (3.5 pts)
- Exercise 3 concerns the arithmetic .......cccoeveveeevnrnennn (3 pts)

- Exercise 4 concerns the analysis ......cc.ccocevveenenreinrnrncnnn (10 pts)

The use of calculators is not allowed
The use of red pens on answers sheets is not permitted
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EXERCISEL1 : (3.5 points)
Recall that ((C, +, X) is a commutative field and that (M ) (]R), -, X) is a ring with unity
roy : 0 0
I= ; its additive identity is the null matrix O =
0 1 0 0
Let * be the law internal composition defined on C by :
(‘v’(x,y) € ]Rz) ( ‘v’(a,b) € R2> ; (x + yz') * (a +bi) = Xxa —l—(x2b + azy)i
0.25 | 1-a) Show that % is commutative on C
0.5 b) Show that s is associative on C
0.25 ¢) Show that * posses an identity element e which must be determined.
d) Let (x,y)eR" xR ; show that the complex number x+ yi admits the complex number
0.25 1 vy . . "
—— =i as inverse for the law internal composition *
x x
2- Consider the sub-set £ of C defined by : E = {x +yi/x€ R:L NS R}
0.5 | @ Showthat E is stable in (C,x*)
0.5 b) Show that ( E ,*) is a commutative group.
3- Consider the set G = {1 +yi/ ye R}
0.5
Show that G is a sub-group of the group (E ,*)
: x Yy .
4-Consider the set F' = M(x,y)= 0 /x€R,; yeR
x
0.25 | a)Showthat F' isstablein (M, (R ),X)
0.5 b) Let @ be the mapping from E to F" which associates to every complex number x + yi of E
2
X
the matrix M(xz,y) = y2 in F
0 x
Show that ¢ is an isomorphism from (E,*) to (F ,x)
0.25 | ¢) Deduce that (F ,x) is a commutative group.
EXERCISE 2 :(3.5 points)
Let m be a complex number which is not a real number (m e C - R )
I-Consider in C the equation, with the variable Z, defined by :
(E) : 22—(1+i)(1+m)z +2im=0
0.25 1-a) Show that the discriminant of the equation (E ) is a non-zero complex number.
0.5

b) Determine z, and z, , the two solutions of the equation (E )
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2- Assume in this question that : 7 = €” where 0<8 <7
0.5 | a) Determine the module and an argument of z,+z,
0.25 | b) Show that if z,z, € R then z, +z, = 2i
II- The complex plane is attached to a direct orthonormal coordinate system (0;1;,;) .
Consider the following points :
A withaffix a=1+i, B withaffix b=(1+i)m , C withaffix c=1-i, D the image of the
/A
point B by the rotation with center O and angle By and () the midpoint of [CD].
1-1)(1-m
0.5 | 1- a) Show that the affix of the point Q is @ = (—%—)
025 | b) Calculate —
@
0.5 ¢) Deduce that (O€2) L (AB) andthat AB =20Q
2-The line (O€) intersects the line (AB) at the point H with affix A
0.5 | a)Showthat — — is real and that S s pur imaginary.
-a -a
0.25 | b)Deduce % intermof m
EXERCISES3 : (3 points)
Admit that 2969 (The current amazigh’s year) is prime number.
Let n and m be two natural numbers verifying: n® +m® =0 [2969]
1- Assume in this question that 2969 do not divides »
0.5 a) By using the BEZOUT’s theorem, show that: (EIu ez ) ; uxn=l [2969]
8 2968
0.5 b) Deduce that : (u X m) =-1 [2969] and that : (u X m) =-1 [2969]
(One canuse : 2968=8x371)
0.5 ¢) Show that 2969 do not divides u x m
0.5 d) Deduce that we also have : (u X m)2968 =1 [2969]
0.5 | 2-a) By using the last results show that 2969 divides »
0.5 b) Show that : #® +m® =0 [2969] <& n= 0[2969] and m= 0[2969]
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EXERCISE4 : (10 points)
—x 1
PARTI: Consider the function f definedon R by: f(x)= 4x(e * +Ex—lj
and let (C) be its representative curve in an orthonormal coordinate system(O;?, })
0.5 | 1-Calculate lim f(x) and lim f(x)
0.5 | 2-a)Show that f is differentiable onR, and that (VxeR) ; f'(x)= 4(e_x —1)(1 —~ x)
0.75 b) Study the variations of fonR, and set its table of variations.
c) Show that there exists a unique real « in the interval ]%, 2[ such that f (a) =0
0.5
3
(Wegive e2=4,5)
0.25 | d) Verify that: e % =1 —%
0.5 | 3-a) By appling the ROLLE’s theorem to the function f', show that there exists a real number
x, in the interval ]0,1[ such that : f"(x,)=0
0.5 b) By appling the mean value theorem to the function f" , show that, for every x different
from x, in the interval [O,l] , we have : M >0
X=X,
0.25 | c©)Deduce that /(x,, f(x,)) is an inflecion point of the curve (C) .
0.5 | 4-a) Study the infinite branchs of the curve (C)
b) Plot the curve (C) in the coordinate system (0;?,}') :
0.5 -
(We take : ”-z" = " ]” =lem and f (1) =—0.5 and it is not required to plot the point 1 )
0.25 | 5-a) Verify that : (‘v’x = ]—oo,a]) s f(x)<0
& 2 3
0.75 | b) Show that: jf(x)dx =§a(a2 —3) ,and deduce that : S<a <3
0
0.5 ¢) Calculate in term of & , in cm”® , the area of the region of the plane enclosed by the curve
(C) and the lines with respective equations y=0,x=0 and x=«
PART II : Consider the numerical sequence (u, )nEN defined by :
uy<a and (VneN) ;  u,, =f(4,)+u,
0.5 | 1-a) Show by induction that: (VneN) ; u, <o (use the question 5-a) of PART I )
0.25 | b)Deduce that the sequence (u,) . is decreasing.
2-Suppose that 0<u, and put (VxeR) ; g(x)=¢ * +%x—%
0.5 a) Show that: (VxeR) ; g(x)>0 (wetake: In2=0.69)
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b) By using the result of the last question, show that - (‘v’n eN ) ;. 0<uy,

0 (Notice that : f(x)+x =4xg(x))

0.25 ¢) Show that the sequence (”n )nEN is convergent.

0.5 d) Compute nlirﬂo u,

3- Suppose that #, <0

0.5 | a)Showthat: (YneN) ; u,, -u,<f ()

0.5 | b)Showthat: (VneN) ; u, <u,+nf(u,)
025 | c¢)Deduce : lim u,

n—>-+w0

END




